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Abstract. Employing the external degrees of freedom of atoms as synthetic dimensions renders easy and new accesses
to quantum engineering and quantum simulation. As a recent development, ultracold atoms suffering from two-photon
Bragg transitions can be diffracted into a series of discrete momentum states to form a momentum lattice. Here we
provide a detailed analysis on such a system, and, as a concrete example, report the observation of robust helical Flo-
quet channels, by introducing periodic driving sequences. The robustness of these channels against perturbations is
confirmed, as a test for their topological origin captured by Floquet winding numbers. The periodic switching demon-
strated here serves as a testbed for more complicated Floquet engieering schemes, and offers exciting opportunities to
study novel topological physics in a many-body setting with tunable interactions.
PACS. PACS-key 03.75.Nt, 37.10.Jk – PACS-key Bose-Einstein condensation, Atoms in optical lattices
1 Introduction
First proposed by Feynman, quantum simulation offers an in-
triguing prospect toward an efficient understanding of compli-
cated quantum many-body systems and difficult physical mod-
els in a quantum-mechanical fashion [1,2,3]. A common prac-
tice in quantum simulation is the so-called bottom-up approach,
i.e., mapping the already known Hamiltonian to a carefully
designed simulator, which provides opportunities for gaining
insights of complex phenomena in diverse contexts, ranging
from condensed-matter physics to quantum chemistry and nu-
clear physics. Concrete examples include quantum phase tran-
sitions in Hubbard models [4,5,6,7], high-Tc superconductiv-
ity [8,9], quantum magnetism and chaos [10,11,12,13], topo-
logical order [14,15,16], and lattice gauge theories [17,18,19,
20,21]. Benefiting from the rapid development of experimen-
tal techniques of quantum manipulation, quantum simulation
has become quite feasible, and has attracted much interest in a
wide range of platforms including ultracold atoms [22], trapped
ions [23], photons [24] and superconducting circuits [25].
With highly controllable experimental parameters, ultracold
atoms in optical lattices provide an excellent toolbox for study-
ing exotic physics in condensed-matter systems. During the
last decade, one has witnessed revolutionary advances such as
the preparation of artificial solids [22,26], the observation of
new phases of matter [27,28,29], the simulation of many-body
systems [30,31,32,33] and topological matter [34,35,36,37,
38,39,40]. In these studies, optical lattices play a central role
in simulating electrons in solids using neutral atoms. How-
ever, the traditional optical lattices are generally implemented
in real space, where the small spacing between two adjacent
sites (∼ µm) makes local control on the single-site level rather
complicated [41]. To overcome the difficulty, the idea of syn-
thetic dimension is proposed [42,43,44] by using the internal
or external degrees of freedom of an atom to form a lattice
structure [45,46,47,48,49]. Such a concept can not only ex-
tend the system to higher dimensions [50,51], but also provides
outstanding control capabilities for quantum engineering and
quantum simulation.
In this work, we implement the synthetic dimension with
external momentum states of ultracold atoms. Our scheme also
enables us to demonstrate helical Floquet channels in the one-
dimensional momentum lattice [52], where atoms on different
sublattice sites are locked into a leftward (rightward) unidirec-
tional motion along the lattice. While the helical Floquet chan-
nels derive from the winding of Floquet quasienergy bands, we
explicitly demonstrate their robustness against perturbations, as
a test to their topological origin.
The paper is organized as follows. In Sec. 2, we show de-
tails on the implementation of the synthetic momentum lattice.
In Sec. 3, we show that by precisely modulating the hopping
amplitudes between each pair of lattice sites, we effectively
implement a discrete-time quantum-walk dynamics. Then, in
Sec. 4, we demonstrate the robustness of helical Floquet chan-
nels to noises. We conclude in Sec. 5.
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Fig. 1. Schematic of the experimental setup. (a) A 87Rb Bose-Einstein
condensate interacts with two counterpropagating Bragg laser beams.
The right-propagating beam has a single frequency ω+, while the fre-
quencies ωj of left-propagating beam are precisely programmed with
acoustic optical modulators to address different momentum states. (b)
Resonant couplings triggered by two-photon Bragg transitions. The
laser pair {ω+, ωj} resonantly couples the momentum states |j〉 and
|j + 1〉. (c) One example of four-photon transitions for n = 0 and
` = 1. Now the coupling | − 1〉 ↔ | + 1〉 can be induced either
by laser pairs with frequencies {ω+, ω−1;ω+, ω0} or by those with
{ω+, ω1;ω+, ω−2}. The two four-photon processes have the two-
photon detunings of ±8Er , respectively.
2 Synthetic dimension with momentum
states
The synthetic dimension in our experiment is formed by a set of
discrete momentum states of ultracold 87Rb atoms. The scheme
for momentum lattice is first proposed in Ref. [53], and sub-
sequently experimentally realized [54,55]. We briefly summa-
rize the scheme as follows. We trap ∼ 6 × 104 87Rb atoms
(condensed at the momentum p = 0) in an optical dipole trap
with trapping frequencies∼ 2pi×(120, 40, 120) Hz. The atoms
are subject to a series of Bragg lasers (at the wavelength λ =
1064nm), and are coupled to higher momentum states. Due
to the momentum conservation, the allowed momenta are dis-
cretely distributed as p = 2npr (n ∈ Z), where pr is the
photon-recoil momentum of the Bragg lasers. If we label the
momentum state p = 2npr with |n〉, a synthetic one-dimensional
(1D) lattice chain is constructed, whose length is determined by
the number of coupled momentum states.
2.1 Effective tight-binding Hamiltonian
The Bragg lasers in our experiment are applied as schemati-
cally illustrated in Fig. 1(a). One right-propagating laser beam
has a single frequency ω+, and the frequencies of the left-
propagating beam are chosen as ωj = ω+ − 4(2j + 1)Er/~
(j ∈ Z), where Er = p2r/2µ is the photon-recoil energy (µ is
the atomic mass). In our case, Er = h × 2.03kHz. Each pair
of laser beams {ω+, ωj} triggers a resonant two-photon Bragg
transition to couple the momentum states |j〉 ↔ |j + 1〉. Fol-
lowing the treatment in [53,56], the full Hamiltonian under the
interaction picture reads [57]
Hˆfull =
∑
n
∑
j∈Z
~Ω˜j
2
ei8(n−j)Ert/~|n+ 1〉〈n|+H.c., (1)
where Ω˜j is the effective Rabi frequency of the two-photon
transition |j〉 ↔ |j + 1〉 from the laser pair {ω+, ωj}. Ω˜j can
be easily adjusted by tuning the intensity of the relevant laser
beam.
Re-organizing Eq. (1) in terms of different off-resonant de-
tunings, we have
Hˆfull =
∑
`
H [±2`]e±i8`Ert/~, (2)
with ` ∈ N, and
H [+2`] =
∑
n
~Ω˜n−`
2
|n+1〉〈n|+
∑
n
~Ω˜n+`
2
|n〉〈n+1|, (3)
where H [−2`] = H [+2`]†. Apparently, all the resonant two-
photon Bragg diffractions are described by the term
H [0] =
∑
n
~Ω˜n
2
|n+ 1〉〈n|+H.c.. (4)
Figure 1(b) shows the coupling schemes corresponding to the
approximation Hamiltonian H [0]. The 2`-th order terms are
contributed by the {ω+, ωn−`} and {ω+, ωn+`} laser pairs,
which induce the transition |n〉 ↔ |n + 1〉 with a detuning of
±8`Er, respectively. These off-resonant terms give the higher-
order effect, and sometimes can be neglected.
To clearly see the effect of the higher-order off-resonant
terms, we approximate the above time-dependent full Hamilto-
nian, up to the second-order corrections, by an equivalent time-
independent one [56,58]
Hˆ = H [0] +
∑
`∈N+
[H [+2`], H [−2`]]
4(2`)Er
. (5)
By letting tj = ~Ω˜j/2, we have
Hˆ =
∑
n
(t(1)n |n+ 1〉〈n|+ h.c.) +
∑
n
(t(2)n |n+ 1〉〈n− 1|+ h.c.)
+
∑
n
∆n|n〉〈n|.
(6)
with t(1)n = tn, and
t(2)n =
∑
`∈N+
1
8`Er
(tn−`tn+`−1 − tn+`tn−`−1), (7)
∆n =
∑
`∈N+
1
8`Er
(t2n+` + t
2
n−`−1 − t2n−` − t2n+`−1). (8)
Here the t(2)n and ∆n terms results from the four-photon pro-
cesses. The `-th term includes two four-photon processes: one
: 3
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Fig. 2. (Color online) Role of the time-dependent terms in the full
Hamiltonian. (a) Time evolution of populations in sites |0〉 (red) and
|1〉 (green). The simulations are performed for a 21-site momentum-
state lattice. The results from the full Hamiltonian are plotted in
light colors, while lines in deep colors are for the effective Hamil-
tonian. The inset shows the experimentally measured time evolution
of the population in each site with similar parameters. (b) The time-
dependent coupling strength Ω(n=0)total for transition |0〉 ↔ |1〉. The
black dashed line indicates the constant coupling strength tc in the
effective model. In simulations here, we choose a uniform coupling
strength, i.e., tj = tc = h × 1.0 kHz (j ∈ Z), and the atoms are
initially prepared in site |0〉.
is with the laser pair of {ω+, ωn+`−1;ω+, ωn−`}, the another is
with the laser pair of {ω+, ωn+`;ω+, ωn−`−1}. They both res-
onantly couple |n−1〉 ↔ |n+1〉 via the four-photon processes
but with two-photon detunings of ±8`Er/~, respectively. One
example is illustrated in Figure 1(c) for n = 0 and ` = 1. Be-
cause the different signs of the detuning for the two processes,
they actually cancel each other for t(2)n and ∆n in some sense.
These make such effects even less important. If we neglect the
terms with denominators larger than 8Er (∼ h × 16.2 kHz in
our experiment), we arrive at an effective tight-binding Hamil-
tonian
Hˆeff =
∑
n
tn(|n+ 1〉〈n|+ |n〉〈n+ 1|). (9)
2.2 Role of the off-resonant, time-dependent
couplings
In the above derivation of the effective Hamiltonian (9), we di-
rectly apply the perturbation expansion (5) for a Floquet quan-
tum system [58] to average out the time-dependent terms. To
have a deeper insight on the impact of the time-dependent terms,
we compare results from numerical simulations with the full
Hamiltonian (1) with those from the effective one (9). Fig-
ure 2(a) shows the numerical time evolution of the populations
in site |0〉 and site |1〉 on a 21-site momentum state lattice when
tj are constant tj = tc = h×1kHz. The effect from the time-
dependent terms is clearly visible. A series of step-like jumps
in the atom population occurs in the full-Hamiltonian simu-
lation. The profiles of the evolutions fit well with the smooth
lines obtained with the effective Hamiltonian.
The step-like jump phenomenon originates from the inter-
ference of the higher-order off-resonant couplings which are
neglected in effective Hamiltonian (9). This is easily under-
stood from the expression of the time-dependent coupling strength
for transition |n〉 ↔ |n+ 1〉 is
~Ω(n)total =
∑
j∈Z
tjexp[i8(n− j)Ert/~]. (10)
Figure 2(b) gives an example for the case n = 0. The interfer-
ence between different frequency components results in a series
of periodic peaks. From Fig. 2(a), one can find that, the hop-
ping between two sites occur mostly at times when these sharp
peaks appear. The time interval between two adjacent peaks is
τp ∼ ~/8Er. For a smaller hopping strength tc, more steps
with smaller gaps in between are involved during one period
T = ~/tc, making the time evolution more smooth which fit
better with simulation results from the effective Hamiltonian.
However, when τp ∼ T , the number of steps in each period is
small, and the effective Hamiltonian is not a good approxima-
tion any more. This is consistent with the condition tc  8Er,
under which the time-independent Hamiltonian [58] for a Flo-
quet system is derived. The insert of Fig. 2 (a) shows one exper-
imental data with the similar parameters, the step-like behavior
is clearly observed.
3 Quantum walk with periodic driving
An important advantage of the synthetic dimension with the
momentum states is the highly tunable local parameters. In
the effective Hamiltonian, the tunnelings, tn, can be indepen-
dently varied, enabling us to engineer some interesting mod-
els in condensed-matter physics. For example, by tuning the
odd and even hopping amplitudes to be different, i.e., v and
w in Fig. 3(a), the momentum-state chain can be mapped into
the Su-Schrieffer-Heeger (SSH) model [59] as well as its vari-
ants [55]. To implement the quantum-walk scheme, the odd and
even hoppings are alternatively switched on and off, as shown
in Fig. 3(b). Both the intra- and inter-cell hoppings have an am-
plitude of ~Ω/2, and the time durations are τ1 and τ2, respec-
tively. Now the periodically driven Hamiltonian for the system
in Fig. 3(a) can be written as [60]
Hˆ =v(t)
N∑
m=1
(|m,B〉 〈m,A|+ h.c.)+
+ w(t)
N−1∑
m=1
(|m+ 1, A〉 〈m,B|+ h.c.).
(11)
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Fig. 3. (Color online) Realization of a discrete-time quantum walk in
the momentum state lattice. (a) Mapping of the momentum state lat-
tice to an SSH model. The inter- and intra-cell hopping amplitudes are
set as w and v respectively. (b) Implementation of a quantum walk by
periodically modulating the hopping amplitudes. The inter- and intra-
cell hoppings are alternatively switched on and off. The corresponding
evolution operators are labelled by Q and W respectively, and the du-
rations for each operation are τ1 and τ2.
This formula is similar with the Hamiltonian of the SSH model
but with time-dependent hoppings. When only turning on the
intra-cell hoppings, i.e., v = ~Ω/2 and w = 0, the time evo-
lution of the system is determined by the W operator which
induces intra-cell dynamics as
W |m,A〉 = cos θ1 |m,A〉+ i sin θ1 |m,B〉 , (12)
W |m,B〉 = cos θ1 |m,B〉+ i sin θ1 |m,A〉 , (13)
with θ1 = Ωτ1/2. Similarly, the Q operator leads to
Q |m,A〉 = cos θ2 |m,A〉+ i sin θ2 |m− 1, B〉 , (14)
Q |m,B〉 = cos θ2 |m,B〉+ i sin θ2 |m+ 1, A〉 , (15)
where θ2 = Ωτ2/2. Once we choose the duration τ1 such that
θ1 = pi/4, such a scheme forms a standard discrete-time quan-
tum walk. The step of W operation creates the intra-cell su-
perpositions while the cell-dependent Q step shifts these states
further.
4 Robust helical Floquet channels
The high tunability of our configuration enables us to observe
robust helical Floquet channels in the 1D momentum lattice [52,
61]. To observe the phenomenon, we evolve the system under
the Floquet operatorUh = Q(pi/2)W (pi/2), implemented with
T ≈ 0.44ms (Ω = 2pi × 2.3(1)kHz 8Er/~) and tw = tq .
We then measure 〈Sz〉t as a function of m at each time step
for different initial states. Here we define the pseudo-spin op-
erators Sβ (β = x, y, z) with Sβ = 12 |m,µ〉σµνβ 〈m, ν|, where
µ, ν ∈ {a, b} and σµνβ is the corresponding Pauli matrix ele-
ment [52].
As shown in Fig. 4(a)(b), atoms initialized in |m = 0, b〉
(|m = 0, a〉) propagate to the left (right) in the quantum-walk
dynamics. The unidirectional flow is clearly shown in the mea-
sured 〈Sz〉t. On the microscopic level, such a unidirectional
atom flow is generated by a series of alternating spin-flipping
processes and spin-dependent shifts over half the lattice spac-
ing [52]. Similar protocols have been applied to observe spin-
dependent single-atom transport in an optical lattice in real
space [62], as well as for interferometry in spin-dependent lat-
tices [63].
Alternatively, the phenomena can be interpreted as helical
Floquet channels, derive from windings of the Floquet quasienergy
bands. More explicitly, dynamics governed by Uh possess an
emergent spin-rotation symmetry, preserving Sz = (|m, a〉〈m, a|−
|m, b〉〈m, b|)/2. In a perfect helical Floquet channel, pseudo-
spins with spin-down (spin-up) polarization along the z axis
should propagate to the left (right), demonstrating a “spin-momentum
locking” behavior discussed in Ref. [52]. Such a behavior is
clearly observed in Fig. 4(a)(b), where atoms initialized in |m =
0, b〉 (|m = 0, a〉) propagate to the left (right) in the quantum-
walk dynamics.
These helical Floquet channels originate from the wind-
ing of the Floquet quasienergy bands, which is clear from the
quasienergy of Uh [see Fig. 4(c)]. Whereas the quasienergy
spectrum is gapless, thus invalidating the calculation of the
conventional winding numbers, the spectrum clearly shows the
winding of Floquet quasienergy bands [64]. Importantly, the
decoupled linear dispersions of atoms in states |a〉 and |b〉 un-
derlie the dispersionless helical Floquet channels observed in
Fig. 4(a)(b), which are unattainable in static systems. Formally,
the Fourier components of Uh can be decomposed into U
(µ)
k˜
(µ = a, b), which are Floquet operators associated with the
two sublattice sites in the k˜ space. Here k˜ belongs to the first
Brillouin zone (1BZ) of the effective Hamiltonian Eq. (9). The
Floquet winding numbers are then defined as [64,52]
ν(µ) =
1
2pii
∫
1BZ
dk˜Tr[U
(µ)
k˜
∂k˜U
(µ)†
k˜
], (16)
with ν(a) = 1 and ν(b) = −1 under Uh. ν(µ) characterizes
the winding of quasi-energy bands as k˜ traverses the 1BZ [64].
These Floquet winding numbers are equivalent to dynamic Chern
numbers defined on the k˜-t manifold, which are visualized as
dynamic-skyrmion structures in the pseudo-spin micro-motion
of the atoms, as shown in Figs. 4(d)(e). Here the pseudo-spin
textures are given by n(k˜, t) =
∑
β=x,y,z〈Sβ〉teβ in each k˜
sector (eβ being the unit vector of the corresponding direction).
Whereas the definition in Eq. (16), and hence the pseudo-
spin textures in the k˜-t space, depend on the fine-tuning of pa-
rameters, a remarkable feature of the helical Floquet channels
is their robustness against perturbations. In our experiment,
the fact that we observe these channels at all relies upon this
very robustness. Specifically, due to experimental error, atoms
in different helical Floquet channels are inevitably coupled to-
gether. As is clear in Fig. 4(f), whereas the peak values of 〈Sz〉t
decay below 0.1, indicating atom loss from the corresponding
helical Floquet channel, the highest peak is still on the left-
(right-) most unit cell for atoms initialized in |b〉 (|a〉), such
that the unidirectional flows are still observable. We note that
atom leakage from the helical Floquet channels in the presence
of experimental imperfections has previously been reported for
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Fig. 4. (Color online) Observation of helical Floquet channels with (θ1, θ2) = (pi/2, pi/2). (a) Measured −〈Sz〉t shows a unidirectional
leftward flow for atoms initialized in |0, b〉. (b) Measured 〈Sz〉t shows a unidirectional rightward flow for atoms initialized in |0, a〉. (c)
Quasienergy dispersion for (θ1, θ2) = (pi/2, pi/2). (d)(e) Spac -time spin textures corresponding to dynamics in (a)(b), respectively. (f)
Measured ±〈Sz〉t for Nstep = 4. Red (black) bars correspond to −〈Sz〉t (〈Sz〉t ) for atoms initialized in |0, b〉 (|0, a〉).
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Fig. 5. (Color online) Robustness of the helical Floquet channels against random noise. (a) and (b) show the numerical simulations of the
helical Floquet channel in the presence of increasing noise. For numerical calculations, we generate 100 sets of parameters, where (θ1, θ2) in
each time step are randomly picked in the interval (pi/2 −∆θ, pi/2 +∆θ). We then let the initial state evolve under the full Hamiltonian for
the duration of Nstep = 4 steps. In (a), we plot the averaged 〈Sz〉t of the last step, for ∆θ = pi/2 × 10% (blue), ∆θ = pi/2 × 30% (green),
and∆θ = pi/2×50% (brown), respectively. In (b), we show the averaged peak in 〈Sz〉t of the last step, which decreases with increasing noise
level. (c) shows the experimental data with and without noise. The data is averaged for 10 times with 10% random noise.
spin-dependent transport of single atoms in a spatial optical lat-
tice.
In order to further explore the robustness of the system
against perturbations, we introduce random noise (pulse area
error) in the dynamics by modulating both θ1 and θ2. In each
step, (θ1, θ2) pick random numbers between (pi/2−∆θ, pi/2+
∆θ), Here ∆θ represents the magnitude of the random noise.
At the end of 4 steps, the distribution of 〈Sz〉 is recorded. Fig-
ure 5(a) and (b) show results from numerical simulations un-
der the corresponding quantum-walk dynamics. It is clear in
the figure that, with increasing noise, the unidirectional atom
flow is still visible, hence robust, even for ∆θ = pi/4, whereas
the peak value in 〈Sz〉 steadily decreases. Figure 5(c) shows
the experimental result with and without 10% noise (∆θ =
pi/2× 10%). It clearly shows that the distribution os 〈Sz〉 is al-
most the same which means the helical channel system is quite
immune to noise.
5 Conclusion
To conclude, we present a detailed analysis of the momentum
lattice system with ultracold atoms. By experimentally imple-
menting a periodically driven momentum lattice, a discrete-
time quantum walk is realized, with which we observe robust
helical Floquet channels. Such channels are robust to perturba-
tions due to the topological origin of the winding of the Flo-
quet quasi-energy bands. The periodic switching adopted here
6 :
can be extended to much more complicated Floquet engineer-
ing schemes. Our experiment suggests that, the combination
of momentum lattice and Floquet engineering can lead to in-
teresting scenarios for the simulation of quantum topological
phenomena. For instance, it would be intriguing to explore the
interplay of Floquet topology with disorder in our many-body
setting with tunable interactions.
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